We present the first double-resummed prediction of the inclusive cross section for the main Higgs production channel in proton-proton collisions, namely gluon fusion. Our calculation incorporates to all orders in perturbation theory two distinct towers of logarithmic corrections which are enhanced, respectively, at threshold, i.e. large x, and in the high-energy limit, i.e. small x. Large-x logarithms are resummed to next-to-next-to-next-to-leading logarithmic accuracy, while small-x ones to leading logarithmic accuracy. The double-resummed cross section is furthermore matched to the stateof-the-art fixed-order prediction at next-to-next-to-next-to-leading accuracy. We find that double resummation corrects the Higgs production rate by 2% at the currently explored center-of-mass energy of 13 TeV and its impact reaches 10% at future circular colliders at 100 TeV.
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The major achievement of the first run of the CERN Large Hadron Collider (LHC) was the discovery of the Higgs boson [1, 2], thus confirming the Brout-EnglertHiggs mechanism [3] [4] [5] [6] for the electroweak symmetry breaking. The current and future runs of the LHC are rightly considered the Higgs precision era. The AT-LAS and CMS collaborations are continuously producing experimental analyses of ever increasing sophistication, which allow for a more detailed inspection of the Higgs sector. Examples include measurements of fiducial cross sections in different decay channels, as well as kinematic distributions of the Higgs boson [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . In order to perform meaningful comparisons, it is imperative for the theoretical physics community to deliver calculations with uncertainties that match in magnitude those quoted by the experimental collaborations. Therefore, it does not come as a surprise that perturbative calculations in QCD have reached the astonishing next-to-next-tonext-to-leading order (N 3 LO) precision for the two most important Higgs production channels in proton-proton collisions: gluon fusion (GF) [18] [19] [20] [21] [22] [23] [24] [25] and vector-boson fusion [26] .
The calculation of the inclusive GF cross section is particularly challenging in QCD because, even at its lowest order, it proceeds via a massive quark loop [27] . Furthermore, this process is characterized by large perturbative QCD corrections. The NLO contribution (originally computed in [28, 29] in an effective field theory (EFT) approximation where the top-quark mass is considered much larger than any other scale, and in [30] for general quark mass running in the loop) is as large as the leading order, and the NNLO corrections (computed in [31] [32] [33] in the EFT and with finite top-mass corrections in [34] [35] [36] [37] [38] ) are about half as large as the LO. The aforementioned EFT three-loop calculation of [18] [19] [20] [21] [22] finally shows perturbative convergence, with small theoretical uncertainties, as estimated by varying the arbitrary scales of the perturbative calculation.
A complementary approach to include higher-order corrections can be pursued using all-order techniques, which rely upon factorization properties of QCD matrix elements, and phase-space, in particular kinematic limits. In the case of the inclusive GF cross section, one of the most studied and well-developed all-order techniques is threshold (or large x) resummation [39] [40] [41] , which has been pushed to next-to-next-to-next-to-leading logarithmic (N 3 LL) accuracy [18, [42] [43] [44] [45] [46] [47] [48] , and leads to a significantly improved convergence of the perturbative expansion [49] . In the opposite kinematic limit, i.e. at high energy (or small x), resummation [50] [51] [52] [53] [54] is also possible. In particular, small-x resummation of splitting functions [55] , which govern the evolution of the parton distribution functions (PDFs), was obtained in [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] (see also [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] ). Furthermore, high-energy resummation of partonic coefficient functions can be achieved in the framework of k t -factorization [81, 82] , and improved with the inclusion of subleading (but important) running coupling corrections [63] . All-order calculations in this framework have been exploited to assess and improve the aforementioned EFT, which is known to fail in the highenergy limit [83] [84] [85] . However, thus far, investigations in the high-energy regime were performed at fixed-order, i.e. by expanding out the all-order results. All-order phenomenological results at small x will be presented in this work for the first time.
In this letter, we combine the above all-order approaches, together with the state-of-the-art fixed-order calculation, to obtain the most accurate prediction for Higgs production at the LHC. To our knowledge, it is the first time that double (large-and small-x) resummation is achieved. This breakthrough is possible because of two distinct advancements in the field. On the one hand, a general framework to combine the two resummations has been developed in [86] and implemented in public codes TROLL [45, 49] and HELL [87, 88] and at small-x [90, 91] . This opens up the possibility of achieving fully consistent resummed results. While we presently concentrate on the Higgs production cross section, our technique is fully general and can be applied to other important processes, such as the Drell-Yan process or heavy-quark production. We leave further phenomenological analyses to future work.
Let us start our discussion by introducing the factorized Higgs production cross section
(1)
where σ 0 is the lowest-order partonic cross section, L ij are parton luminosities (convolutions of PDFs), C ij are the perturbative partonic coefficient functions, τ = m 2 H /s is the squared ratio between the Higgs mass and the collider center-of-mass energy, and the sum runs over all parton flavors. Henceforth, we suppress the dependence on renormalization and factorization scales µ R , µ F . Moreover, because the Higgs couples to the gluon via a heavyflavor loop, (1) also implicitly depends on any heavy virtual particle mass.
The general method to consistently combine largeand small-x resummation of partonic coefficient functions C ij (x, α s ) was developed in [86] . The basic principle is the definition of each resummation such that they do not interfere with each other. This statement can be made more precise by considering Mellin (N ) moments of (1). The key observation is that while in momentum (x) space coefficient functions are distributions, their Mellin moments are analytic functions of the complex variable N and therefore, they are (in principle) fully determined by the knowledge of their singularities. Thus, high-energy and threshold resummations are consistently combined if they mutually respect their singularity structure. In [86] , where an approximate N 3 LO result for C ij was obtained by expanding both resummations to O(α 3 s ), the definition of the large-x logarithms from threshold resummation was improved in order to satisfy the desired behavior, and later this improvement was extended to all orders in [45] , leading to the so-called ψ-soft resummation scheme. Thanks to these developments, doubleresummed partonic coefficient functions can be simply written as the sum of three terms [92] 
where the first term is the fixed-order calculation, the second one is the threshold-resummed ψ-soft contribution minus its expansion (to avoid double counting with the fixed-order), and the third one is the resummation of small-x contributions, again minus its expansion. Note that not all partonic channels contribute to all terms in (2). For instance, the qg contribution is powersuppressed at threshold but it does exhibit logarithmic enhancement at small x.
Our result brings together the highest possible accuracy in all three contributions. The fixed-order piece is N 3 LO [18-22], supplemented with the correct small-x behavior, as implemented in the public code ggHiggs [49, 86, 93] . Threshold-enhanced contributions are accounted for to next-to-next-to-next-to-leading logarithmic accuracy (N 3 LL) in the ψ-soft scheme, as implemented in the public code TROLL [45, 49] . Finally, for high-energy resummation we consider the resummation of the leading non-vanishing tower of logarithms (here LLx) to the coefficient functions [63, 84] , which we have now implemented in the code HELL [87, 88] . The technical details of the implementation will be presented elsewhere [94] . Additionally, on top of scale variations, subleading terms can be varied in both resummed contributions, thus al- lowing for the estimate of the uncertainty from missing higher orders and from the matching procedure. Our calculation keeps finite top-mass effects where possible.
In particular, in the fixed-order part they are included up to NNLO and in the threshold-resummed one up to NNLL. Furthermore, the small-x contribution, both at fixed order and to all orders, must be computed with finite top-mass, essentially because the limits x → 0 and m t → ∞ do not commute. We will discuss further corrections associated with the masses of bottom and charm quarks when presenting our final results.
Having determined the resummation of the partonic coefficient functions, we now discuss the role of the parton luminosities L ij that enter (1). Ideally, we would like to use PDFs that have been fitted using a doubleresummed theory. However, this is clearly not possible. Indeed, this is the first study that aims to combine threshold and high-energy resummation, so a PDF fit with this theory will only appear in the future. Therefore, we have to find an acceptable compromise. Within the NNPDF framework [95] , PDFs with threshold resummation were obtained in [89] , while small-x resummation was considered in [90] . We note that the inclusion of the latter was a challenging enterprise because small-x logarithms appear both in coefficient functions and PDF evolution, while in the MS scheme large-x resummation only affects coefficient functions [96, 97] . In order to make an informed decision, we separately consider in Fig. 1 the impact of small-x resummation (on the left) and large-x resummation (on the right) on the GF cross section, as a function of the center-of-mass energy of the colliding protons.
Let us start by illustrating the situation concerning small-x resummation (left-hand plot). The plot shows the ratio of resummed results to the fixed order one, computed at N 3 LO with the fixed-order NNLO set of [90] . We include resummation in two steps. First (dashed blue), we compute the N 3 LO cross section using the "resummed PDFs" of [90] , i.e. those fitted including resummation and evolving with NNLO+NLLx theory. Then (solid red), we add the LLx resummation to the Higgs coefficient functions, which provides the consistent resummed result. In all cases, the bands correspond to PDF uncertainties. The plot clearly shows that small-x resummation has a modest effect at current LHC energies, but its impact grows substantially with the energy, reaching the 10% level at 100 TeV, heralding the fact that electroweak physics at 100 TeV is small-x physics. The plot also shows that the bulk of the effect comes from the resummed PDFs and their resummed evolution, while small-x resummation of the Higgs coefficient functions is only a small correction. This perhaps surprising result can be understood by noting that, while the high-energy behavior of the PDFs is essentially determined by deepinelastic scattering data at small x and low Q 2 , the Higgs cross section is characterized by a much higher value of Q 2 , and it is dominated by soft emissions [98] . Furthermore, the large discrepancy between resummed and NNLO PDFs at large √ s is a manifestation of the perturbative instability of the latter. Indeed, as discussed at length in [90] , resummed PDFs are close to the NLO ones, while the NNLO set significantly deviates at small x.
The situation is rather different if we analyze large-x resummation (right-hand plot). Here we use the PDFs of [89] , obtained with either NNLO and NNLO+NNLL theory, which however suffer from a larger uncertainty compared to standard global fits because of the reduced dataset used in their determination. In this case the impact of the resummation on the N 3 LO cross section is smaller and fairly constant in the whole energy range considered here. The plot shows that about half of the 2% effect originates from the resummation in the PDFs (dashed blue), which is however not significant due to the large PDF uncertainties, and the other half by the resummation in the coefficient functions (solid red).
Therefore, by comparing the two plots in Fig. 1 we conclude that, lacking double-resummed PDFs, the use of small-x resummed PDFs is preferred for the fairly large energy range considered here, because thresholdresummation effects in PDFs have a much smaller impact on the Higgs cross section. From the plots one may wonder whether double resummation of the coefficient functions is at all needed for phenomenology. Certainly its impact is numerically modest but we argue that its inclusion brings significant advantages both at small-and large-x. Firstly, it allows for a fully consistent treatment at small-x. Furthermore, the inclusion of large-x resummation, although being a small correction to the N 3 LO results, allows for a more robust estimate of the theoretical uncertainty [45, 49] .
We present double-resummed results for the Higgs cross section in GF in Fig. 2 , where we show three plots at representative center-of-mass energies of the colliding protons. We consider the current energy of the LHC, √ s = 13 TeV, and two possible energies for future colliders, namely √ s = 27 TeV (HE-LHC) and √ s = 100 TeV (FCC). We choose as central scale µ F = µ R = m H /2. Numerical results are presented in Tab. I, where we also report for completeness the correction ∆σ b,c to the fixedorder calculation due to the presence of massive bottom and charm quarks running in the loop, following the recommendation of [99] . Furthermore, electroweak corrections in the factorized approach, when included, amount to an extra 5% increase [99] .
Each plot shows the perturbative progression of the cross section as obtained in different approximations: fixed-order, fixed-order and threshold, fixed-order and double resummation. We also show the three main contributions to the theoretical uncertainty, namely PDFs, subleading logarithms at small-x and scale variation. The latter also includes an estimate of subleading corrections at large x, resulting in 42 variations, as detailed in [49] . The uncertainty due to subleading logarithms at smallx has been determined by taking the envelope of two variants of the coefficient-function resummation, which take as input resummed splitting functions either at LLx (to be precise, it is a modification of LLx resummation which was called LL in [87, 88] ) or at NLLx [90, 94] . We note that the PDFs are, in principle, affected by analogous uncertainty, which however is not currently included in their determination. Thus, the overall small-x uncertainty might be underestimated. A qualitative assessment of this uncertainty was performed in [90] and its impact on the Higgs cross section will be investigated in [94] .
We note that double resummation, mostly because of its threshold component, has a much more stable perturbative progression than its fixed-order counterpart: convergence is faster and uncertainty bands always cover the next perturbative order and shrink as higher orders are included [49] . While double resummation is a small (2%) correction to the N 3 LO at current LHC energies, because of its small-x component its impact grows with √ s, becoming 5% at 27 TeV, before reaching approximately 10% at 100 TeV. Furthermore, we point out that a large contribution to the theoretical uncertainty originates from unknown subleading logarithms at small x. As a consequence, our double-resummed prediction exhibits larger uncertainties than the N 3 LO one. On the one hand this highlights the importance of pushing the resummation of coefficient functions at small x one order higher. On the other hand, this also implies that the uncertainty from missing higher orders is likely underestimated in a purely fixed-order approach, mostly due to the fact that PDF uncertainty does not fully account for it. Thus, even at LHC energies where its impact is modest, double-resummation provides a more reliable estimate of the theoretical uncertainty affecting the Higgs cross section.
In this letter we have presented, for the first time, results in perturbative QCD that supplement a fixed-order calculation with both threshold and high-energy resummation. We have applied our double-resummed framework to calculate the inclusive cross section for Higgs production in gluon fusion. Our result features the stateof-the art accuracy N 3 LO+N 3 LL+LLx and crucially, it makes use of recently determined resummed parton distributions. The method presented here is rather general and it can be applied to a variety of processes currently studied at the LHC, such as electroweak-boson produc-tion or top-quark production. Furthermore, we anticipate that its generalization to differential distributions, such as rapidity and transverse momentum, is possible and we look forward to future work in this direction.
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